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ABSTRACT. – We improve the Casorati–Weierstrass theorem for holomorphic maps
from some general manifolds to complex projective space. We will show that no
nonconstant holomorphic maps from a Kähler manifold which cannot admit nonconstant
bounded harmonic functions to a complex projective space omit hyperplanes of positive
measure. Ó Elsevier, Paris
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1. Introduction
Casorati–Weierstrass theorem implies that no nonconstant holomor-
phic map f from Cm to Pn omits a set of hyperplanes of Pn of positive
measure. We extend this theorem to the case that the source manifold is
more general in probabilistic language. We have the following.
THEOREM 1. – Let f be a nonconstant holomorphic map from a
complex space M to Pn. If there exists a holomorphic diffusion X on M
whose invariant field is trivial and f (X) is not constant, then f cannot
omit a set of hyperplanes of Pn of positive measure.
We will define the notions of holomorphic diffusion and invariant
σ -field later. We here only explain the notion in a special and typical
case. Consider the case that M is a Kähler manifold. We can define a
diffusion process whose generator is the Laplacian associated with the
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Kähler metric on M . The diffusion is called Kähler diffusion or the
Brownian motion associated with the Kähler metric. We here employ
the latter name. It is known that the Brownian motion is a holomorphic
diffusion and that the invariant σ -field of the Brownian motion is trivial if
and only if there exist no nonconstant bounded harmonic functions with
respect to the Laplacian associated with the Kähler metric on M . Then
we have the following corollary.
COROLLARY 1. – Let f be a nonconstant holomorphic map from
a Kähler manifold M to Pn. If there exist no nonconstant bounded
harmonic functions with respect to the Laplacian associated with the
Kähler metric on M , then f cannot omit a set of hyperplanes of Pn of
positive measure.
We also obtain the following corollary to Corollary 1 via Yau’s well-
known result [19].
COROLLARY 2. – Let f be a nonconstant holomorphic map from a
Kähler manifold M to Pn. If the Ricci curvature of M is nonnegative,
then the Casorati–Weierstrass theorem is valid.
We can replace the phrase “f cannot omit a set of positive measure” in
the statement of the theorem with “of positive capacity in Molzon sense”
[13] as mentioned later in the end of Section 3. In the case that the target
is one-dimensional, that is, in meromorphic function cases, we can use
“capacity” in the exact sense. It is based on fact that the image process is
a time-changed Brownian motion.
COROLLARY 3. – Let f be a nonconstant meromorphic function on
a Kähler manifold M . If M admits no nonconstant bounded harmonic
functions with respect to the Laplacian associated with the Kähler metric
on M , then f cannot omit a set of positive logarithmic capacity.
In one-dimensional case the above corollary implies that meromorphic
functions on Riemann surfaces belonging to OHB [17] cannot omit a set
of positive logarithmic capacity.
Theorem 1 will be proved through the first main theorem of Nevanlinna
as classical cases. We need to improve the first main theorem in
more general situations using holomorphic diffusions. We conclude the
theorem with observing that a generalized characteristic function is
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unbouded provided that the invariant field of the underlined holomorphic
diffusion is trivial.
We give some remarks on the other related results and on their relations
to our results. In case of analytic submanifolds in Cm Sibony and Wong
obtained a Casorati–Weierstrass theorem [16]. Takegoshi improved their
results as the following way in [18].
Let A ⊂ Cm be an k-dimensional connected closed submanifold,
A(r)= {|x|< r} ∩A and n(A, r)= vol(A(r))/r2k . If
∞∫
δ
dt
tn(A, r)
=∞ for some δ > 0,
then the Casorati–Weierstrass theorem holds for holomorphic maps from
A to Pn(C).
H. Kaneko noted that under this integral condition we can construct a
recurrent holomorphic diffusion on A [11]. It is obvious that recurrence
of a Markov process generally implies the triviality of invariant σ -fields
of the process.
Another result related to ours for harmonic maps of small image was
obtained by W.S. Kendall [12]. He showed the following. Assume that
f is a harmonic map from a Riemannian manifold M that does not
admit any nonconstant bounded harmonic functions to a simply conected
Riemannian manifold N with bounded negative sectional curvature. If
the image of f is included in a ball in N , then f is constant. Our method
is based on the Kendall’s idea using Darling–Zheng’s theorem [3,20] on
convergence of Γ -martingales.
2. Holomorphic diffusion, holomorphic martingale and the first
main theorem
We introduce holomorphic diffusion and holomorphic martingale. The
notion of holomorphic martingale first appeared in [9] as conformal
martingale.
The names of holomorphic diffusion and holomorphic martingale are
by Fukusima [6]. Since it is more suitable for our setting, we employ it.
Let M be a complex space.
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DEFINITION 1. – We say that a continuous stochastic process Xt
on M is a holomorphic martingale on a filtered probability space
(Ω,F,P ) if for any open set U ⊂ M , any holomorphic function f
on U and any stopping times S < T satisfying that X(S+t )∧T ∈ U for
all t Ref (X(S+t )∧T ) is a local martingale on (Ω,F,P ). We say that a
diffusion process (Xt,Px) x ∈M on M is a holomorphic diffusion if it is
a holomorphic martingale on a filtered probability space (Ω,F,Px).
We do not indicate filteration appeared in the definition if there is no
confusing.
We remark some elementary properties of holomorphic martingale
[6,8].
PROPOSITION 1. – (i) Let Xt be a holomorphic martingale and u a
plurisubharminic function on M . Then u(Xt) is a local subharmonic
martingale if u(X0) <∞.
(ii) If u is a pluriharmonic function, then u(Xt) is a local martingale.
(iii) If f :M→N is a holomorphic map from a complex space M to a
complex space N and Xt is a holomorphic martingale on M , then f (Xt)
is a holomorphic martingale on N .
Assume that N is a complex manifold, L→ N be a holomorphic
Hermitian line bundle and Γ (N,L) the set of all holomorphic sections
over N . Let σ be a holomorphic section with 0 6 ‖σ‖ < 1 where ‖σ‖
is the length with respect to the Hermitian metric. To state the first main
theorem we prepare some functions appeared in Nevanlinna theory.
DEFINITION 2. – Let Y be holomorphic martingale and T a stopping
time.
m(T,σ )=E[ log‖σ‖−1(YT )]−E[ log‖σ‖−1(Y0)],
N(T ,σ )= lim
n→∞λP
(
log‖σ‖−1(YT )∗ >λ),
where log‖σ‖−1(YT )∗ = sup06t6T log‖σ‖−1(Yt).
We say that a line bundle L is positive, say, L > 0, if there is a
Hermitian metric such that the curvature form is a positive (1,1) form.
If L> 0, then log‖σ‖−1(Yt) is a positive local submartingale. By Doob–
Meyer decomposition we have the following the first main theorem in
general cases [1,2,4].
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PROPOSITION 2. – Assume that L > 0 and ‖σ‖(Y0) > 0. Then we
have
m(T,σ )+N(T,σ )=E[AT ]
for any stopping times T satisfying that E[AT ] < ∞ where At is
the bounded variational part of the Doob–Meyer decomposition of
log‖σ‖(Yt).
The above equality holds for any holomorphic martingale. We remark
that in the case that the holomorphic martingale generated by a holo-
morphic diffusion X and a holomorphic map f , that is, Y = f (X) , the
quantity N(T,σ ) depends only on D = (σ ): zero devisor defined by σ ,
independent of choice of σ because of the same reason as the usual case
by Jensen’s formula.
We introduce a quadratic variation process of a holomorphic martin-
gale with respect to a Kähler form w.
DEFINITION 3. – Let w = gα,βdzα ∧ dzβ be a Kähler form given
on N . Define a quadratic variation process [Y,Y ] of a holomorphic
martingale Y by in a local cordinate
d[Y,Y ]t = gα,β(Yt)d〈Y α,Y β〉t ,
where 〈Y α,Y β〉t is the usual Euclidean quadratic process.
We can characterize a meaning of the above At .
If L> 0, the curvature form defines a Kähler form and then a quadratic
variation of holomorphic martingales.
LEMMA 1. – Assume that L> 0. Let [Y,Y ] be the quadratic variation
determined by the curvature form of L. Then we have
[Y,Y ]t =At .
Proof. – Let h(y) be a C2 function. Then Ito’s formula [5] implies that
h(Yt)− h(Y0)= a martingale + 12
t∫
0
D2h(dY, dY ),
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where D2h(dY, dY ) = hα,βd〈Y α,Y β〉 in a local coordinate and {hα,β}
is complex Hessian of h. By direct calculation the complex Hessian of
log‖σ‖−1 equals the Kähler form of N . This completes the proof. 2
We note a construction of holomorphic diffusions via Dirichlet forms.
Let M be a complex space of dimension n. Let θ be a closed positive
current of bigegree (n − 1, n − 1). Then we define a bilinear form on
C∞0 (M) by
E(u, v)=
∫
M
du∧ dcv ∧ θ for u, v ∈C∞0 (M).
Let m be a Radon measure on M . If E is closable on L2(m), then we
say that the pair of the closure of E and its domain F is a Dirichlet form
[7]. It is known that a Dirichlet form defined as above corresponds to a
unique holomorphic diffusion on M [8]. If w be a closed positive current
of bidegree (1,1) and set m=wn, then the form
E(u, v)=
∫
M
du∧ dcv ∧wn−1 for u, v ∈C∞0 (M)
is closable on L2(m) and a holomorphic diffusion associated with w. In
particular if w is a Kähler form, the holomorphic diffusion is called a
Brownian motion associated with the Kähler form.
3. Characteristic function, the triviality of invariant σ -fields and
proof of results
We consider the following setting. Let M be a complex space. Fix a
reference point o of M . {B(r)} denotes a sequence of exhaustions with
center o, that is, it satisfies that o ∈ B(r)bB(r + 1) and limr→∞B(r)=
M . Assume that there exists a holomorphic diffusion Xt on M . Let
τr = inf{t > 0: Xt /∈ B(r)}. Then it is known that τr ↑ ζ a.s. r ↑∞ where
ζ is the life time of X.
We here give the definition of invariant σ -field of X.
TOME 123 – 1999 – N◦ 5
A CASORATI–WEIERSTRASS THEOREM 377
DEFINITION 4. – We say that A ∈ F is shift invariant if for any
stopping time T satisfying T < ζ
1A = 1A ◦ θT Px- a.s. for any x ∈M.
The collection of all shift invariant sets I is called invariant σ -field of
holomorphic diffusion (X,Px) on M .
Let f :M→ N be a nonconstant holomorphic map and N a compact
Kähler manifold with a positive holomorphic line bundle L. Under this
situation we define an analogy of characteristic function T (r) by
T (r)=E[f (X), f (X) ]
τr
,
where [f (X),f (X)]t is a quadratic variation associated with a curvature
form of L. We note that by Lemma 1
T (r)=E[Aτr ],
where At is the same as the appeared in the previous section. Then
applying the first main theorem mentioned in Section 2 we have a first
main theorem of the same form as the classical one.
m(τr, σ )+N(τr,D)= T (r),
where N(τr,D) = N(τr, σ ) depending only on (σ ) = D as remarked
before.
We show that
THEOREM 2. – If the invariant field of X is trivial, then
lim
r→∞T (r)=∞.
Proof. – Assume that limr→∞ T (r) <∞. Then[
f (X), f (X)
]
ζ <∞ a.s.
Darling–Zheng’s theorem [3,20] implies that there exists limt→ζ f (Xt )
in N a.s. Since the invariant field of X is trivial, the limit must be a
nonrandom point of N . Let the point be denoted by y∞. Because f (X)
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is not constant, there exists a point x0 ∈ M satisfying that x0 6= y∞.
Since N is ample, there exists a positive integer m such that there
exists a holomorphic section σ0 ∈ Γ (N,Lm) with log‖σ0‖−1(y∞) =
∞ and log ‖σ0‖−1(f (x0)) <∞. Let T˜ (r) be a characteristic function
associated with Lm. Then T˜ (r) and T (r) are not different up to a
constant multiplication. By the first main theorem mentioned above and
the assumption, we have
sup
r
E
[
log‖σ0‖−1(f (Xτr ))]<∞.
This contradicts that
lim
r→∞ log‖σ0‖
−1(f (Xτr ))= log‖σ0‖−1(y∞)=∞ a.s. 2
Proof of Theorem 1. – We first note that the triviality of invariant fields
of X implies that limT (r)=∞ by Theorem 2. Let N = Pn(C) and H a
hyperplane in N . The length of sections of hyperplane bundle associated
with H can be written as
log‖σ‖−1(w)= log ‖H‖‖w‖
(H,w)
,
where
‖H‖ =
√
|h0|2 + |h1|2 + · · · + |hn|2,
‖w‖ =
√
|w0|2 + |w1|2 + · · · + |wn|2
and (H,w)= h0w0+· · ·+hnwn in an irreduced representation. We write
m(τr, σ )=m(τr,H), N(τr , σ )=N(τr,H) for σ defined as above.
Let ν be a normalized Haar measure on Pn(C)∗ = Pn(C) which is
invariant under the action of unitary group U(n + 1) of Cn+1. Since
log ‖H‖‖w‖
(H,w)
is invariant under the action of U(n+ 1), we have
∫
Pn(C)∗
m(τr,H)dν(H) is constant.
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Assume that f omits a set G of hyperplanes with ν(G) > 0. Then
N(τr,H)= 0 for H ∈G. The first main theorem implies that
T (r)ν(G)=
∫
G
m(τr,H)dν(H)=O(1).
This leads contradiction. 2
We give here a proof of Corollary 2.
Proof of Corollary 2. – It was noted that f (X) is a time-changed
complex Brownian motion, that is,
f (Xt)= Zφt with φt =
[
f (X), f (X)
]
t
,
where [f (X),f (X)]t is a quadratic variation associated with the Fubini–
Study form and Z be a local expression of a Brownian motion on
P1 associated with the Fubini–Study metric. Assume that f omits a
set of logarithmic capacity zero F . Let τF = inf{t > 0: Zt ∈ F }.
Then [f (X),f (X)]ζ 6 τF <∞. The desire result follows the following
lemma.
LEMMA 2 ([15]). – Let D be a domain on P1 and F = P1\D. Let Zt
be a Brownian motion starting from w ∈D associated with Fubini–Study
metric and τF = inf{t > 0: Zt ∈ F }. If F is of logarithmic capacity zero,
Ew[τF ]<∞.
By stereo graphic projection we may consider the problem on C. We
know that this map relates a Brownian motion Z on C to a Brownian
motion W on P1 as
Zψt =Wt with
t∫
0
1
(1+ |Zs|2)2 ds.
It follows that there exists limt→ζ f (Xt) ∈ P1. Triviality of the invariant
field implies that the limit is a constant. 2
We here remark Molzon’s capacity. Molzon defined a capacity C(E)
of E ⊂ Pn(C) by
C(E)−1 = inf
µ∈P(E)
sup
z∈Pn(C)
Vµ(z),
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where
Vµ(z)=
∫
E
log
‖z‖‖w‖
|(z,w)| dµ
and P(E) is all probability measures supported on E [13].
Hence if C(E) > 0, there exists a measure µ supported on E such that
sup
z
∫
E
log
‖z‖‖w‖
|(z,w)| dµ <∞.
By the first main theorem this implies that if a holomorphic map omits
a set of positive capacity in this sense, its characteristic function is
bounded. Therefore we can carry the same procedure as before to have
the following rewriting of Theorem 1.
THEOREM 3. – Let f be a nonconstant holomorphic map from a
complex space M to Pn(C). If there exists a holomorphic diffusion X
on M whose invariant field is trivial and f (X) is not constant, then f
cannot omit a set of hyperplanes of Pn of positive capacity in Molzon’s
sense.
4. Some remarks: entropy criterion and covering manifolds
It is natural to ask what geometric conditions on M allows a holomor-
phic diffusions whose invariant fields is trivial to exist. We note an en-
tropy criterion by Kaimanovich [10]. LetM be a Riemannian covering of
a compact Riemannian manifold with the deck transformation group G.
Let p(t, x, y) be a heat kernel of the Laplacian 121. Then Kaimanovich
showed that an entropy h(M), that is defined by
h(M)= lim
t→∞−
1
t
∫
M
p(t, x, y) logp(t, x, y) dv(y),
is a nonnegative constant independent of x. Furthermore he showed
that there exists a bounded parabolic harmonic function on M if and
only if h(M) > 0. Hence h(M) = 0 if and only if invariant fields of
any parabolic Brownian motions on M × (0,∞) is trivial. Of course a
harmonic function onM is a parabolic harmonic function onM×(0,∞).
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Then h(M)= 0 is a sufficient condition for nonexistence of nonconstant
bounded harmonic functions on M .
DEFINITION 5. – We say that a Riemannian manifold M is of subex-
ponential volume growth if for a point o and any ε > 0.∫
M
e−εd(o,x) dv(x) <∞,
where d(o, x) is Riemannian distance of o and x, and dv is Riemannian
volume.
Kaimanovich showed that if M is a Riemannian covering of a compact
manifold and of subexponential volume growth, then h(M)= 0.
We are devoted to the following situation. Let M be a complex
manifold and G a group of holomorphic translations acting on M .
Assume that M/G is compact. We can obtain the following from
Kaimanovich’s argument. We say that a Kähler manifold M is a regular
covering of M/G in the sense that M is Riemannian covering as a
Riemannian manifold.
PROPOSITION 3. – M andG be as above. LetM be a Kähler manifold
and the covering M→M/G is regular. IfM is of subexponential volume
growth, then the Brownian motion associated with the Kähler metric
has trivial invariant σ -fields. Conseqently Casorati–Weierstrass theorem
holds for any holomorphic maps from M to Pn(C).
Let pi :M→M/G be a natural projection. A variant of the above is
PROPOSITION 4. – Assume that M →M/G is regular and M/G is
compact. Let L→ M/G be a holomorphic line bundle. Assume that
c1(L) > 0. If for some σ ∈ Γ (M,pi∗L) and any ε > 0∫
M
‖σ‖ε dv <∞,
then the invariant σ -fields of the Brownian motion associated with the
Kähler metric is trivial.
Proof. – X denotes the Brownian motion associated with the original
Kähler metric and p(t, x, y) denotes its transition density with respect
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to the volume form dv. Nash’s elementary argument on an estimate of
entropy [14] implies that for any positive function φ on M we have
−
∫
M
p(t, x, y) logp(t, x, y) dv(y)6Ex[φ(Xt)] +
∫
M
e−φ(x) dv.
Let ω0 be the original Kähler form onM/G and ω ∈ c1(L). Compactness
implies that there exists a constant c > 0 such that ω 6 cω0. As we
remarked before log‖σ‖−1(Xt) is a positive local submartingale so that
log‖σ‖−1(Xt )− log‖σ‖−1(X0)= a local martingale +At,
where At is an increasing process. Then we have At 6 ct because Revuz
measure of At (cf. [7]) is bounded by dv. By choosing some stopping
times Tn ↑∞(n→∞) we have that
Ex
[
log‖σ‖−1(Xt∧Tn)
]− log‖σ‖−1(x)=Ex[At∧Tn]
6 cEx[t ∧ Tn]
6 ct.
Letting n→∞ we have
Ex
[
log‖σ‖−1(Xt )]6 ct + constant.
Hence putting φ = ε log‖σ‖−1 leads us to the desired result. 2
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